Abstract: This paper studies approximation of possibly unstable linear infinite-dimensional systems. The system transfer function is assumed to be continuous on the imaginary axis with finitely many poles in the open right half plane. A unified approach is proposed for rational approximations of such infinite-dimensional systems. Under a certain mild frequency domain condition, a procedure is developed for constructing a sequence of finitedimensional approximants which converges to the true model in the L, norm. It is noted that the proposed technique uses only the FFT and the singular value decomposition algorithms for obtaining the approximations. Some examples are included to illustrate the proposed method.
It is noted that the above mentioned problem is different from the Pade approximation which has been extensively studied in literature [3] . The key difference is that the rational approximant T,(s) is required to have same number of unstable poles as T(s). Therefore, the existing techniques from Pade approximation theory can not be used directly.
One approach for the approximation of such unstable infinitedimensional systems is to identify the unstable part first by partial fraction expansion and then consider the approximation of stable part of the system [5, 21] . Although the partial fraction expansion is very effective for extracting the unstable part of the given infinitedimensional system, it requires computation of the right half plane poles of the system. In this paper, we propose an alternative technique for the approximation of unstable infinite-dimensional systems. This work extends to unstable systems certain approximation techniques developed in [12] for stable systems. An important feature of this proposed technique is the unification for the approximations of both stable and unstable parts of T(s) within a single algorithm. It will be shown that the resulting rational approximants T,(s), which have the same number of unstable poles as T(s), converge to T(s) in the L_ norm. Further, the proposed approximation technique uses only the Misrai FFT and singular value decomposition algorithms. Therefore, we expect our method to be preferable from a compuational point of view.
E.B. Lees and P.
The organization of this paper is as follows. A preliminary result will be presented first for discrete-time systems in Section 2. It will be shown that the transfer function of a given linear time-invariant finite dimensional discrete-time system can be re-constructed approximately from its partial Markov parameters and the approximant converges uniformly to the true model as the number of Markov parameters used for re-construction is increased. The technique proposed for the reconstruction is in fact robust in the sense that the convergence is preserved even if the Markov parameters are perturbed which is a significant advantage over the existing techniques (for example in [28] ). This result will then be used in Section 3 to establish the convergence for the approximation of unstable infinite-dimensional systems. Two examples are given in Section 4 to illustrate the proposed approximation technique.
Preliminary.
Before studying the approximation of unstable infinite-dimensional systems, we first consider a related problem whose resolution plays an important role in establishing the main result of the paper.
Let G(z) be the transfer function of a given linear, timeinvariant, finite-dimensional, stable discrete-time system of McMillan degree n. Suppose G(z) is given by
We seek an n-th order state-space realization (An,Bn,Cn), n < N, such that lim IIG -GyIIw + 0, as N + -.
Define the partial summation
A simple (possibly nonminimal) realization for S&) is given by and SN(z) = CN(z1-AN)-lBw Define the observability Gramian P and controllability Gramian Q for the discrete-time transfer function SN(Z) as follows Then, P and Q are uniquely determined by the following discrete Lyapunov equations:
In fact it possible to give simpler expressions for P and Q. Substituting AN, BN and C, from (2.3) into (2.5b), we obtain the solution Q = 1". Let P = (Pi,) where Pi, is the (i,j)-th mxm block sub-matrix of P. Then, Pij's can be obtained from following recursion fOlXlUkd:
Further, P admits a singular value decomposition P = ? r S T where Z om,(gk), k=N+1 which goes to zero as N approaches infinity by the assumption that G(z) is finite-dimensional and has all its poles in B. For the second term of the right hand side of (2.15), using the results from Glover However, as N becomes large, the computational burden associated with the Hankel approximation technique would be higher compared to the inpnt normal realization algorithm proposed here. Finally, although the error bound in (2.16) is conservative, it does indicate that the converEence depends directly on the value of p(A). , concentrates only on the approximation of stable part T,(s) = T(s) -T,(s) which is infinite-dimensional. From the point of view of computational burden, it is however preferable to avoid the partial fraction decomposition.
In the rest of this section, we develop a new technique to obtain rational approximations for possibly unstable systems. The transfer function (of a given infinite-dimensional system) defined in half plane W is first transformed to the unit disc D by means of bilinear transformation which preserves L,-norm as well as Hankel singular values (Glover [9] ). The rational approximant is then obtained by using the FFT and singular value decomposition algorithms. The resulting approximant in D can be transformed back to W by means of bilinear transformation.
Define the bilinear transformation 1-2 h-S s:=k-or z:=-l+z h+S which is a conformal mapping from W to D. Next, define The DFT based approximation has been studied in [12] for stable infinite-dimensional systems and the convergence, as well as the error bounds are established for a class of infinite-dimensional systems. Here, we shall concentrate on the approximation of the unstable part of the system and obtain some similar results. We next establish a lemma based on which the main result of the paper will be obtained.
LEMMA 
where f k and fM(k) are defined by (3.3) and (3.4) respectively.
Since the above lemma is a direct generalization of the results reported in [12] (see also [13] ), the proof is omitted here. Based on Lemma 3.1, we next obtain the main result of the paper. We will show that the three terms on the
It is easy to see that lim IIF, -SNllw = 0, as N -+ 00, because
(ii) IISN -sMNII,:
F,(z) is rational and has all its poles in D.
-1 k=-N Since IIZ-kllm = 1, We have that -SM;NIIw 5 llfM(k)-fkll.
Lemma 3.1 implies
where the summation is with respect to L, and k is fixed. Hence
(iii) IISMN -C~II,,,:
The third term of right hand side of (3.6) is bounded by Therefore, if we select M sufficiently large, the third term in (3.6) would be insignificant. In this case, the error IIF, -F";tTllw depends mainly on the reconstruction scheme presented in Section 2. Proof: By noting that Ie-Jwhl = 1, it is easy to show that there
exists an M > 0, and an coo > 0 such that for all o 2 U,,
Hence, (1) and (2) imply that ll(h-jofB 112 dw < QJ.
djw We conclude the above results in the following algorithm for rational approximation of unstable part of the given infinitedimensional systems. ALGORITHM 3.1 (Rational approximation):
Step Step 2: Use 2M-point FFT algorithm to compute fM(k) as
Step End. In Step 3 of the above Algorithm, the estimation of n (which is the number of unstable poles) may not be easy if on(Fu) is small. In this case, it is suggested to use other techniques, such as contour integral as suggested in [la] , for estimation of n.
The approximation of F,(z) using [fM(k))I=o has been studied in [12] for which the convergence and the error bound have been established. We will briefly describe it as below.
Define the partial summation as the approximant of the stable part:
where the realization {FL,GL,HL,LL) is defined as in (2.3) . Therefore, the realization [ FL,GL,HL,LL) can be easily balanced by computing only one singular value decomposition. The rational approximant of the stable part of McMillan degree m can then be obtained by direct truncation similarly as in Section 2 which is denoted as It has been established in [12] that if the conditions in Theorem 3.1 are true, then The procedures described above are similar to the approximation of unstable part except that N is replaced by L, and n is replaced by m. Therefore, the approximation of both stable and unstable parts of T(s) can be handled with Algorithm 3.1. The final approximant of F(z) can then be obtained as We would like to indicate further that as the approximate model is used for feedback control system design, the following condition should be satisfied to ensure the existence of stabilizing feedback compensator [5] n-s h+S This is due to the fact that the bilinear transform does not change the Hankel singular values. We would like to mention that this particular transfer function has a very rich frequency response (see the dash line curve in Figure  4 .1). That is probably the reason that is so small comparing to the other Hankel singular value. Hence, the approximation is not so easy to do for this example. We have also used The above system was used in Fiagbedzi and Pearson [7] where stabilization with state feedback was investigated. The synthesis technique proposed in above reference involves the computation of undesirable modes of the system. The state-feedback law is then designed to shift the undesirable modes to the left of Re(s) = v, where v0 < 0 represents the stability margin of the closed-loop system. For the above system, V, = -1 was chosen in Fiagbedzi and Pearson [7] . We shall demonstrate that the proposed approximation technique can also be used to compute the poles to the right of Re(s) = v, , . The above poles are very close to the ones in Fiagbedzi and Pearson [7] computed using the algorithm in Manitius et al. [18] . Further, we find that with N = 40, the poles on the right of Re(s) = -1 are which are accurate within 11-digits of exact poles! .
REMARK 4.1: It should be emphasized that in above computations, we used only an inverse FFT and a singular value decomposition program whereas the algorithm in Manitius et al. [18] involves searching for poles on each rectangular region of the s-plane by computing the Cauchy index with contour integral and then applying the numerical algorithm to find the roots of the exponential polynomial in that particular region. The proposed method therefore provides significant computational saving.
REMARK 4.2: The selection of parameter h in bilinear 5anSfOrm (3.1) is important in computing the approximant. Extensive experimental experience shows that selecting h as the bandwidth of T(s) often yields better numerical results. 
